We study the electron correlation effects in the calculations of isotope shifts in Na and Mg + using the relativistic coupled-cluster method. The trends of the correlation effects are explicitly discussed and comparison of the present results with the previously reported results are given. We also present the fine structure constant variation coefficients for many states in the above systems. From these results, it is possible to find out suitable transition lines those can be used as anchor and probe lines in finding possible variation in the fine structure constant.
I. INTRODUCTION
Study of isotope shifts (ISs) in atomic systems has been a long time immense interest to the physicists [1] [2] [3] [4] . It is a challenging problem to find out the role of the correlation effects in the IS calculations using an ab initio approach for a system involving more than three electrons. The most difficult part in IS determination lies in calculating the specific mass shift (SMS) which involves two-body interactions between the electron momenta [1, 2] and treating correlation effects to all orders in this property is as difficult as considering the Coulomb interaction between the electrons. Often semi-emperical methods [3, 5] have been used to calculate these properties without describing the electron correlation behaviors. There have been a number of works carried out using the non-relativistic theories to include the correlation effects that consider particular type of correlation effects to all orders and some of the correlation effects are taken only up to finite order [6] [7] [8] [9] [10] .
Studies of ISs are important in a number of applications ranging from nuclear physics to astrophysics [3, 5, [11] [12] [13] [14] [15] . Accurate determination of these quantities in combinations with the corresponding measurements can be used to extract the relative root mean square (rms) nuclear charge radii of different isotopes that cannot be measured directly [3, 5] . They are also used to test various nuclear models [11, 12] . Since the rms radii variation in the considered systems can be determined precisely using the nuclear models due to small sizes of their nuclei, we will not focus our studies in that direction here. Again, some of the ISs are also used to probe the isotopic abundances of different elements in the astronomical objects [14, 15] .
In another context, it is believed that there is possibility of space-time variation of the fine-structure constant α = e 2 /hc at the cosmological scale [16] [17] [18] . This can be verified by analyzing the quasar absorption spectra * Email: bijaya@prl.res.in [19] [20] [21] [22] . It is also possible to find out any variation of α by comparing the measurements of the ratios of the fine structure intervals to the optical transition frequencies in the laboratory experiments and that from some distant astrophysical objects [23] [24] [25] . Any difference in these results can be related to the space-time variation of α. However, the frequency shifts that corresponds to such transitions are of the same order of magnitude with the possible isotope shifts in the elements present in the astrophysical objects [13] . Any changes in the isotope abundances in these objects will be the systematic errors in the finding of α variation [26] [27] [28] . As suggested by Kozlov et al [13] it is possible to construct anchor lines, those are insensitive to the variation of abundances in the astrophysical objects, and probe lines, those are insensitive to the α variation. It is also possible to construct such lines by considering combinations of suitable transitions of the elements present inside the astrophysical objects [13] . To find out the sensitive lines to α variation and/or strong IS in any system, it is necessary to determine the α variation coefficient q and IS parameters, respectively, as defined explicitly below. Since both Na and Mg + are proposed as suitable candidates for this purpose [24, 25] , we would like to determine these properties accurately in the above systems.
There are three relativistic many-body methods have already been used to calculate the IS constants in the considered systems [28] [29] [30] . Safronova and Johnson have used at most two orders of Coulomb interactions through the third order many-body perturbation theory (MBPT(3) method) to calculate the ISs and the trends of different electron correlation effects are presented at this level of approximation [29] . Berengut et al. [30] have considered the IS operators in the atomic Hamiltonian with a varying parameter, then they calculate the energies self-consistently. Changes in the energies are estimated to the first order in that parameter to extract the corresponding ISs. However, it is not possible to find out the role of different electron correlation effects through this procedure. The individul field shift (FS) and specific mass shift (SMS) results reported by these two methods do not match well with each other although the final ISs reported by both the works are close to the experimental measurements. This is due to the fact that there is a large cancellation between the initial state and final state results. However, it does not really explain the reason of discrepancies at the individual result. Korol and Kozlov [28] have followed approach considered by Dzuba et al. and present only the final results without giving details of the correlation contributions. Therefore, it is necessary to employ a relativistic many-body method that accounts correlation effects to all orders and it enables us to understand the underlying role of different correlation effects in these calculations. To fill-up the gap between the differences in the individual results reported by Safronova and Johnson and Berengut et al., we follow an approach similar to Safronova and Johnson but consider atomic wavefunctions determined using the relativistic coupled-cluster (RCC) theory which is an all order perturbation method having size consistent property [31, 32] . The catagorily distinct features of this work are: (i) it will explain the differences between the results reported in [29] and [30] , (ii) it will present individual contributions from various correlation (RCC) terms to both FS and SMS constant calculations and (iii) it will give q and ISs of many low-lying transitions in the considered systems those are not studied in the literature to date.
The remaining part of this paper is arranged as follwing: In the next section we will give the general theory of fine structure constant variation and ISs in the atomic systems. In the following section, we will explain the many-body techniques in the RCC framework that has been used to calculate the energies and IS properties. In Sec. IV, we will present the results and discuss them by comparing with the earlier results. In the last section, we will summarise our work and draw the conclusions.
II. THEORY
The IS (δE IS v ) to an energy level of state |Ψ v in an atomic system is mainly classified into two parts: (a) the shifts (δE MS v ) due to the consideration of finite nuclear mass that is known as mass shift (MS) and (b) the shifts (δE F S v ) caused due to change in the nuclear charge radius from one isotope to another, known as FS. The MS can be further divided into normal mass-shift (NMS) and SMS. The NMS is given by 
where p i and p j and are the momenta of the electrons i and j, respectively. For the calculation point of view, we define Z as a two-body operator and express them in the second quantized notation as
3)
In the angular matrix form, we can have
where the reduced matrix element is given by
, we can have the expressions for the radial functions as
where P i and Q i are the large and small components of the Dirac orbital of electron i and the expression is valid only for
otherwise its value is zero.
The above expression can also be given in another form by using the relation p i = m e c| α| with c is the velocity of light and α being the Dirac matrix as
(2.9)
Since the radial functions involved in both the expressions given by Eqs. (2.8) and (2.9) are different, they can be simultaneously used by a given many-body method to verify the numerical inaccuracies in the calculations.
For the field-shift calculation, we consider the nucleus is uniformly charged sphere of radius R with Z number of protons so that an electron in a distance r sees the nuclear potential
This assumtion will give reasonably accurate results for the considered light systems. In this case, the rms r 2 is given by
Now any change δ r 2 A,A ′ in r 2 for different isotopes A and A ′ cause FS and is given by
where F is called as field shift constant and λ
A,A
′ is an expansion of δ r 2 as
for C n being the expansion coefficients which are given by Seltzer [33] . In the present studies, it is sufficient enough to neglect the higher terms and assume λ
It can be shown from the above discussions that
The above operator is a one-body scalar operator and its expectation value with respect to |Ψ v will give its FS constant, F v .
Finally, the IS of any transition between state i to state f of an isotope with mass number M A ′ to another isotope with mass number M A is given by
In the literature, k In the context of α variation, the transition frequency observed from some distant astrophysical objects can be expanded in a series of α 2 at α = 0 in the following way
For a fine-structure transition, the first coefficient is zero while it is finite for an optical transition. Therefore, the ratios of these transition frequencies can have different leading orders in α 2 . In an equivalent form, ω(x) can be expanded at α = α 0 for the laboratory value α 0 as
where ω lab is the transition frequency in the present laboratory value and q is the α variation coefficient defined according to x = (α/α 0 ) 2 − 1. In principle, q can be determined from the first derivative dω(x) dx for small value of x and from a numerical calculation it can be assumed as 
where we use atomic unit and consider the laboratory value of fine structure constant as c = 1/α 0 = 137.03599972 in the present calculation. For α variation study, we consider different values of α in the above expression.
Since both Na and Mg + are one valence configuration systems, we construct their atomic wavefunctions in the RCC framework as
where |Φ v is the Dirac-Fock (DF) wavefunction that is constructed by appending a valence electron v to the DF wavefunction of the closed-shell configuration [2p 6 ] represented by |Φ 0 ; i.e. |Φ v = a † v |Φ 0 . Here T and S v are the RCC operators that excite electrons from |Φ 0 and |Φ v , respectively, due to the electron correlation effects that have been neglected in the DF method. The curly bracket with S v operator represents it is in normal order form. Since both the considered systems are small in size, we approximate our RCC theory only for all possible single and double excitations by defining
which is known as CCSD method. The detailed equations to solve both T and S v operator amplitudes are discussed in [34, 35] . The electron attachment energy or negative of the ionization potential (IP) is evaluated by
where H DC = e −T H DC e T and the normal order Hamiltonian is given by
To improve the quality of the results, we construct the triple excitation RCC operator for S v as 5) and include its effects in Eq. (3.4) to evaluate energy which also enters into the CCSD amplitude determining equation for S v . This approach is called as CCSD(T) method and it includes the most important part of the triple excitation effects. Here widehat symbol means the terms are connected and ǫ's are the single particle energies of the orbitals (+ sign means for incoming orbitals and − sign means for out going orbitals) involved in the excitaions. respectively. Note that a particle line can be converted to a valence orbital in a special case, but not the other way around.
B. Properties evaluation
The expectation value of any physical operator O using the RCC method for a given state |Ψ v is evaluated by
where
We note that since both T and S v are in normal order form and wavefunctions are calculated using H DC N , so it is necessary to consider O N in the above expression; which will be necessary to note for the following discussions. Using the above method, there are a number of studies carried out on varities of properties and the procedure to evaluate or approximate the non-truncative series like e
T and e
T † e T for the required accuracy of the results are given elsewhere (for example see [34, 35] ). However, these calculations were only for the properties involving one-body operators. For the two-body SMS operator Z, the normal order form will have two parts Z N = Z 1 + Z 2 which can be written as
where the curly bracket means they are in normal order forms and the amplitudes of the effective one-body operator Z 1 is given by
In the above expressions i, j, k and l indices used for any generic orbitals whereas c represents all the occupied orbitals. The DF result of this operator is determined by Z 1 by fixing its amplitude for i = j = v; for a given valence orbital v.
FIG. 3: Diagrammatic representation of Z2 operator.
Electron-electron Coulomb interaction (Vc) operator can be represented in the same way. To differentiate the notation between these two operators, we will use the dashed (−−−−−) lines for Vc whenever it is necessary.
To evaluate contributions from Z 1 = e T † Z 1 e T , we have considered the same procedure that is employed for the one-body operators [34, 35] as discussed above. We also follow a similar proedure to account contributions from
T . First we evaluate the effective one-body terms from Z 2 at the same level of approximations of Z 1 and consider along with it. It can be noted that the effective two and three body terms from Z 1 considered earlier [34, 35] are of at most forth order in Coulomb interaction; otherwise they were neglected. In the present work, we also assume same approximation to evaluate the effective two and three body terms from Z 2 ; however the number of Goldstone diagrams in this case increase drastically compared to the earlier case. We discuss below the crucial contributing effective one-body and two-body diagrams explicitly.
C. Goldstone diagrammatic representation
To understand the role of different correlation effects coming through various RCC terms, we express T and S v operators diagrammatically in Fig. 1 with their corresponding conjugates. It has to be noted here that the core correlation effects are taken care through the T and its conjugate operators. The lower order pair-correlation effects and core-polarization effects involving the valence orbitals are accounted through S 1v and S 2v operators, respectively (for example see [34] and references therein).
There are only four general Goldstone diagrams representing any normal ordered one-body operator which are shown in Fig. 2 . Therefore, the contributions from the FS operator F and one-body part of the SMS operator Z 1 will be described by these diagrams.
We also give the diagrammatric representation of the Z 2 operator in Fig. 3 and the Coulomb operator V c = 1 rij can also be represented by similar diagrams. Now using the above diagrammatic tools, we will be able to discuss the roles of various correlation effects. In the present calculations, we have used Gaussian type orbitals (GTOs) basis to construct the single particle orbitals which are given by
where η j is an arbitrary parameter which is again defined by two parameters as
for j representing the number of GTOs (F GT O j (r i )) considered for a given symmetry with the radial quantum number n κ . The radial grid points to define these functions are generated using the relation
where the starting grid point and the step size are considered as r 0 = 2 × 10 −6 and h = 0.03, respectively, for a total number of grid points, reprsented by i, 750.
The above orbitals are also geneted by accounting the finite size of the nucleus assuming a two-parameter Fermi-nuclear-charge distribution that is given by
where ρ 0 is the density for the point nuclei, c and a are the half-charge radius and skin thickness of the nucleus. These parameters are chosen as
where r rms is the root mean square radius of the corresponding nuclei which is determined by r rms = 0.836M
in f m for the atomic mass M A . It should be noted that r rms can also be obtained by combining the measured ISs with our calculated quantities for FS and MS, but we use the above approximation to calculate the final IS of many transitions where the experimental results are not available. Again both Na and Mg + have lighter nuclei, so the above approximation gives reasonably accurate r rms values for the considered systems.
We have considered same η 0 , ζ and GTO parameters for different symmetries in both Na and Mg + in order to compare the trends of the correlation effects due to their nuclear sizes. Although a large number of GTOs are used to produce the single particle orbitals, the higher energy orbitals do not contribute significantly in the RCC calculations but they increase the amount of computations. Therefore, we have considered only the required active orbitals along with all the occupied orbitals in the RCC calculations those play significant roles in the accurate determination of the considered properties. A brief summary of the considered parameters that are taken in the DF and RCC calculations are listed in Table I .
B. Results in Na
Using our RCC method, we calculate first IPs of several low-lying states for different values of α and they are given in Table II . In Table III , we report the excitation energies and q values for different transitions with respect to the ground state using the above IP results.
We have also compared our calculated excitation energies with their corresponding experimental results for the considered transitions in Table III . As seen, our results are of sub-one percent accurate for most of the transitions. Using the accuracy of the calculated excitation energies, we have also estimated the accuracy of the q values and given them in the parenthesis of the results. We have also compared our results with other available theoretical results in the same table for a few transitions reported by Berengut et al [24] using different many-body methods. As can be noticed, our results are more accurate than the results reported in [24] .
We also find that some of the q values from the higher transitions are of same order of magnitudes with the lowlying transitions implying that the fine structure constant variation studies can also be carried out using these transitions in Na. It is also possible to use them to construct the anchor lines.
We have calculated F and Z using the same wavefunctions for different states those were used to evaluate the above IPs of the corresponding states. We have reported these results in Table IV . As discussed in Sec. II, it is possible to use the radial integrals given either by Eq. (2.7) or by Eq. (2.9) to evaluate the SMS constants. To verify the numerical accuracy in the SMS constant calculations, we have used both the expressions to evaluate them. We report results as Z I when we have used the expression given by Eq. (2.7) and as Z II when we have used the expression given by Eq. (2.9). Excellent agreement between the results obtained using both the expressions indicate high numerical accuracy in the calculations.
We have also given the available results for the same properties from the other works which were calculated using different relativistic many-body methods. Safronova and Johnson [29] have used two orders of Coulomb interaction in their MBPT(3) approach to evaluate these quantities whereas Berengut [30] have used a chain of diagrams through the Green's function technique with the Brueckner orbitals. The important difference between these two methods is that Safronova and Johnson have evaluated the above properties from different correlation diagrams separately within MBPT(3) method whereas Berengut et al have considered both the FS and SMS interaction operators in the atomic Hamiltonian with a varying parameter and solved them self-consistently. By plotting various energies for different values of the parameters, they have extracted the IS constants. However, Berengut et al have scaled their wavefunctions to obtain the excitation energies matching with the experimental results and the same wavefunctions are used to estimate the above results. Obviously, this cannot explain the strength of the many-body method. In the calculations by Berengut et al, the contributions only from the large components (only the first term of the radial expression given by Eq. (2.7)) has been taken to calculate the SMS constants. Nevertheless, there is a large differences in the SMS results reported in [29] and [30] . The explanation given by Berengut et al for the possible reason of discrepancy between the two calculations that the MBPT(3) method may have poor convergence for the considered properties. In that case, it will be interesting to see how the all order calculations in the RCC approach match with their results.
It is seen from Table IV that our results for FS constants differ only little bit from the MBPT(3) results of Safronova and Johnson. However, there is a large difference in the SMS constant results between these works. Safronova and Johnson have given explictly contributions from various correlation diagram within their MBPT(3) method and we discuss below explcitly the contributions from various RCC diagrams to both FS and SMS constants from where a comparison between the results at both the level approximations can be made. A careful analysis shows that the CCSD(T) method misses out some of the important triple excitation contributions to the SMS calculations through its two-body terms (Z 2 ) that contribute through the MBPT(3) method. To estimate these contributions, we have used the perturbed triple excitation RCC operator given by Eq. (3.5) in Eq. (3.6) and evaluated their contributions. These contributions are given in the parenthesis of our results for Z. As seen it seems though the large discrepancies between the MBPT(3) results and the CCSD(T) results are due to these contributions. It is possible that these extra triple excitation contributions may cancel with some of the quadrupole excitations, so we have not included these perturbative contributions in our final results instead consider them as possible source of errors for the determination of ISs as given below. Our SMS constant results match reasonably well with the results those are reported by Berengut et al, but they do not seem to agree each other after the inclusion of contributions from the triple excitations.
Substituting our calculated FS and SMS constants given in Table IV 2 S → 3p 2 P 3/2 transitions after neglecting the FS constributions [28] . Nevertheless, our results match with all the studies and therefore our reported IS results in the other transitions can also be assumed to give correct predictions within their error bars. These results, indeed, will be useful for the experimentalists to carry out the IS measurements in these transitions. In fact, our SMS and FS constants can also be used to derive IS for other intercombination transitions.
C. Results in Mg

+
In Table V , we present the IPs of different low-lying states for Mg + with different values of α. The trend of the IPs are same with Na states when α changes from its laboratory value. From the IP results for α = α 0 , we determine the calculated excitation energies for various transitions with respect to the ground state and have given them in Table VII along with their experimental results. We have also estimated q values from the IP results obtained from different α.
As seen from the above table, our excitation energies for the given transitions match well with the experimental results indicating that our calculations are very accurate. Using these accuracies, we have estimated the errors associated with the determined q values and they are given in the parenthesis in the same table. There are also calculations of q values available for the first two transitions which are given in the above table and unlike the results for Na, these results differ slightly from ours. By comparing Table III and Table VII , it is clear that the q values of the given transitions are larger in Mg + suggesting this candidate is more suitable than Na to carry out the fine structure variation study. Since both the laser cooling and ion trapping techniques are well advanced these days, very precise α variation measurement can be persued in Mg + . Preliminary works by Batteiger et al [40] on fine structure and IS measurements are the initial steps and recent motivation for the theorists towards such studies. We have calculated the IS parameters in Mg + using the same wavefunctions those are used to calculate IPs of the corresponding states. They are presented in Table  VIII . Again, we have determined SMS constants as Z I and Z II using different radial expressions as it has been discussed before. There is a large difference between both the results in Mg + where it was in excellent agreement for Na. This clearly indicates that the wavefunctions behave differently in both Na and Mg + although similar basis functions are used in both the systems except their different nuclear sizes.
We have also compared FS and SMS constants obtained from other works with ours in the above table. Unlike the case for Na, our results do not match well with the results obtained by Berengut et al [30] . The difference between their works and ours is already discussed in the previous subsection. It seems though our 3p results are close to the results obtained by Safronova and Johnson [29] , but the SMS constant result for the ground state do not match at all from these two works. In fact after inclusion of the triple excitation effects perturbatively, as discussed in the previous subsection, the results do not seem to agree with any of the above works. In our calculations, these contributions from the perturbed triple excitation effects are considered as a possibel source of errors in the calculations of SMS constants. The FS constant results between Safronova and Johnson and ours match reasonably except for the 3d states. Contributions from various correlation effects in the FS and SMS constant calculations through various RCC terms for this system are given explicitly below.
Using the above FS, SMS results and excitations energies given in Table VII [40] and our result is also in agreement with them. Korol and Kozlov have obtained this result as 3086.3 MHz using the CI+MBPT approach and neglecting the FS contribution [28] . Agreement between all these results shows that our IS results reported for the other transitions will also be reasonable accurate and these results will guide any new experiments to measure IS in any of these transitions in the right direction. Using our FS and SMS constants from various states, it is also possible to determine IS in many more intercombination lines. 
D. Comparative studies of correlation effects
In Table X , we have reported contributions from DF and various RCC terms for the FS constant calculations of all the reported states both in Na and Mg + . This trend can be matched with the individual contributions reported by Safronova and Johnson [29] to find out how the all order correlation effects differ compared to MBPT(3). We have shown diagrammatically from the important contributing effective one-body RCC terms in Fig. 4 and expand the effective operators into a series of diagrams that contribute altogether through these terms (the diagrams coming from the two-body operator form of O do not contribute here). It is obvious from this figure that the difference between F and F correspond to the core correlation effects which seem to be small for this property in both the systems. F S 1v and its conjugate terms account all order correlation effects from the paircorrelation type diagrams. Further, F S 2v and its conjugate terms consider all order correlation effects from the core-polarization diagrams. From the above table, we find that the pair correlation effects are stronger in the s states whereas the core-polarization effects play crucial role in obtaining the final results in all other states for FS constant calculations. Contributions from non-linear terms and normalization of the wavefunctions are given as "Others" and they seem to be small. We present in Table XI the individual contributions to both Z I and Z II from various RCC terms for vari-ous states in Na. Along with the contributions from the terms given for FS calculations, we also give the contributions from two-body term Z 2 S 2v that contributes significantly in this calculation. The corresponding diagrammatic representation of this term is shown in Fig.  5(a) . This seems to be a different types of pair correlation effects. As seen from the above table, the core correlation effects are sizably bigger in this property and the core-polarization effects coming through Z 1 S 2v contribute larger than the pair correlation effects from Z 1 S 1v with opposite sign. Contributions from Z 2 S 2v are also larger than Z 1 S 1v with opposite sign. As a result the final results have different signs than the DF results for most of states implying there are strong correlation effects in this property. In fact, there are also other nonlinear two-body terms contribute significantly and their contributions are given by "Others" along with the contributions from normalization of the wavefunctions. Particularly the non-linear RCC terms of T † 2 Z 2 S 2v form contribute the most to "Others" and some of such diagrams are shown in Fig. 5(b-d) . perturbative operator after contracting with Z2.
In Table XII , we present the contributions from different RCC terms, that are discussed above, to the SMS constant calculations for Mg + . There seem to be little larger differences at the DF results for Z I and Z II in this system. The trend of the results in this case is almost similar to Na, but the magnitudes are bigger for all the states.
In order to understand the role of triple excitation effects in the SMS constant calculations those do not appear at the CCSD(T) method, we have given contributions from the important perturbative terms in Table  XIII whose diagrammatic representation are shown in Fig. 6 . It is obvious from this table that the individua contributions from triple excitation effects are large, but the final contributions are small due to large cancellation among themselves. In fact, we believe that these results will also be further cancelled with the contributions from quadrupole excitations which was not possible to consider here due to their computational complexity. Again, triple excitation effects in Mg + seem to be larger than Na as per the magnitude of their final results. Contributions from triple excitations to FS constant calculations are very small compared to the CCSD(T) results due to the fact that it is a scalar one-body operator and these contributions have been neglected here.
V. SUMMARY
In summary, we have employed the relativistic coupledcluster theory to estimate the fine structure constant variation coefficients for many transitions accurately in sodium and singly ionized magnesium. We have also calculated isotope shifts for the corresponding transitions in the considered systems. From these results, it is possible to construct suitable anchor and probe lines for the proposed fine structure constant variation studies in the above systems. We have also compared our results with other reported results obtained using different many-body approaches. By giving contributions from individual terms, we have shown explicitly the role of all order correlation effects in the isotope shift properties. We have also tried to understand the reasons for the differences in the results obtained from other calculations by finding contributions from important triple excitations. Our calculated results those are reported for the first time would be the bench mark results for the experimentalists to carry out their measurements in the right direction. Contributions from different RCC terms to Z I and Z II in Na. Z is again the effective one-body terms of e T † Ze T . Note that Z = Z1 +Z2 here. Important contributions from Z2S2v and its conjugate term are given explicitly. Other higher order contributions from effective two-body, three-body etc operators of the above non-terminating series with the normalization of the wavefunctions are given by "Others". 
